Experimental realization. As illustrated in Fig. 1, a fem -arXiv:1910.13698v1 [quant-ph] 
Multipartite Einstein-Podolsky-Rosen steering is an essential resource for quantum communication networks where the reliability of equipment at all of the nodes cannot be fully trusted. Here, we present experimental generation of a highly versatile and flexible repository of multipartite steering using an optical frequency comb and ultrafast pulse shaping. Simply modulating the optical spectral resolution of the detection system using the pulse shaper, this scheme is able to produce on-demand 4, 8 and 16-mode Gaussian steering without changing the photonics architecture. We find that the steerability increases with higher spectral resolution. For 16-mode state, we identify as many as 65 534 possible bipartition steering existing in this intrinsic multimode quantum resource, and demonstrate that the prepared state steerability is robust to mode losses. Moreover, we verify four types of monogamy relations of Gaussian steering and demonstrate strong violation for one of them. Our method offers a powerful foundation for constructing quantum networks in real-world scenario.
In 1935, Einstein, Podolsky, and Rosen (EPR) [1] pointed out one of the most counter-intuitive features of quantum mechanics: the local measurements performed on one system A seem to immediately affect the state of another distant system B. The nonlocal effect embodied in this EPR paradox was named 'steering' by Schrödinger [2] . In 2007, the concept of steering was rigorously defined [3, 4] in view of local hidden state model, and it was specified that steering allows for the verification of entanglement shared between two remote parties even if one of them is untrusted [5] [6] [7] . Different to Bell nonlocality [8] and entanglement [9] where the roles of involved parties are symmetric, steering is a directional form of nonlocality for which the losses or noises can act asymmetrically [10] [11] [12] . For two party communication, steering has been applied to realize secure quantum teleportation [13] [14] [15] , one-sided device-independent quantum cryptography [16] [17] [18] [19] and subchannel discrimination [20, 21] .
When one aims at realistic applications in quantum communication network where the reliability of devices or the possibility of dishonest measurement are critical, multimode EPR steering is relevant [22] [23] [24] . For instance, if for a certain quantum task a given form of multipartite entanglement is required, multipartite steering allows one to verify that this entanglement is present without the need of the full trust of all measurement devices [25] . Recently, experimental generation of multipartite steering in the continuous variable regime has developed rapidly. Armstrong et.al. [24] and Deng et.al. [26] produced multipartite steering by mixing squeezed lights via beam splitter networks. These experiments, however, require re-modifying optical setups for creating different steerable states, and in particulars need more squeezed light sources and beamsplitters to improve the steerability and enlarge the network, thus lacking versatility and flexibility. In contrast, via parametric down conversion of a train of ultrafast pulses, multiple frequencies can be quantum correlated simultaneously to generate multimode entanglement from a single cavity [27, 28] , which allows on-demand generation of multipartite entangled states without changing the optical circuit. This technique offers a convenient and powerful platform for realizing many squeezed spectro/temporal modes copropagating within a single beam [29] . It produces full multipartite entanglement of up to 115 974 possible nontrivial mode partitions for a 10-mode system [30, 31] , as well as creates on-demand cluster networks [32] .
In this letter, we demonstrate multipartite steering between partitions of such an intrinsically multimode resource generated from the parametric down conversion of an optical frequency comb. The many different steering configurations are obtained without changing the optical setup but simply projecting the state on the required spectral modes, either with a pulse shaped homodyne detection or post-processing the data from the fully spectrally resolved measurement. We find that the steerability increases when one increases the spectral resolution of the measurement, decomposing the signal spectrum into four-, eight-, and sixteen-mode states. We also show up to 65 534 steering bipartitions co-existing in the multimode quantum system and demonstrate their robustness to the loss of modes. Moreover, we examine the monogamy relations of Gaussian steering, which qualitatively defines the information security among different parties, and show the possible violation of monogamy inequalities. Our results indicate that this multimode quantum platform is a scalable and versatile resource for multipartite steering. tosecond optical frequency comb, composed of around 10 5 frequencies centered at 795 nm and with a 76MHz spacing, is frequency doubled and pumps an optical parametric oscillator (SPOPO) below threshold. Within the non-linear crystal, pairs of photons are generated whose frequency sum matches one of the pump frequency, due to energy conservation. Furthermore, synchronous cavity ensures that the output field is also a coherent optical frequency comb, matching the source laser spectral properties. The result of this downconversion process thus forms a multimode quantum frequency comb, with a highly rich correlation pattern in the frequency domain, demonstrated to be fully multipartite [30] . This same state can also be described as a coherent superposition of many co-propagating, independently squeezed spectro/temporal modes. This quantum state is interrogated with an homodyne detection, in which ultrafast pulse shaping is employed to select the spectral amplitude of the local oscillator (LO), and thus the measured spectro/temporal mode [29] .
The bottom plot in Fig.1 shows how the spectrum of the LO is partitioned: sixteen spectral bands of equal frequency width are used. Scanning the relative phase between the quantum frequency comb and the LO, the amplitudex and phasê p quadrature of the mode selected by the LO are measured. Shaping the LO into pairs of spectral bands, the correlations are also measured. Note that in our case the cross correla-tions of the forms xp or px are measured to be negligible. From these measurements, the full covariance matrix can be revealed, as was demonstrated in [29] . In the present case, one can show that the eigenmodes of this covariance matrix display squeezing up to ∼-5dB (see details in Appendix [33] ).
Covariance matrix (CM) and steerability. As explained above, the covariance matrix is originally measured in a basis of 16 equally spaced spectral band modes. Definingˆ ζ = (x 1 ,p 1 , . . . ,x i ,p i , . . .) wherex i andp i are the quadrature operators of the i th spectral band, the covariance matrix elements are formally defined as 1 2 ζ iζ j +ζ jζi − ζ i ζ j . From this matrix, it is possible to derive the covariance matrix of any bipartition, where each party can be composed of several modes. Let us consider that the first party is composed of m modes and the second of n modes, the covariance matrix can be recasted in the form σ mn = M C C N where submatrices M, N correspond to the reduced states of each party respectively, and submatrix C represents the correlation between them.
In practice, we reconstruct the CMs with four-, eight-and sixteen modes, as plotted at the bottom of Fig. 1 . For instance, the spectral component labeled with A is further divided to {a 1 , a 2 }, and then {a 11 , a 12 , a 21 , a 22 }, and same operation for the spectral bands B, C and D [33] . The CMs of four-, eight-and sixteen-mode states correspond to projecting the same state of the quantum frequency comb onto the spectral band basis with increasing measurement resolution in the pulse shaping process, without changing any setting of the original resource. The steerability from party m to party n is quantified by [23] G m→n (σ mn ) = max
where {ν mn/m i } are the symplectic eigenvalues ofσ mn/m = N − C M −1 C, which is the Schur complement of partition m. Under Gaussian local operations and classical communication, this quantity G m→n is always monotone. A zero G m→n means that m is not able to steer n by Gaussian measurements, but it may succeed with non-Gaussian measurements [37] .
Results. Figure 2 shows multipartite steering among the four spectral bands ABCD when the whole spectrum is divided into 4 (blue triangles), 8 (orange squares) or 16 (green dots) pixels. Three marks on the same vertical line correspond to the bipartition steerability between identical spectral bands but measured with different resolutions. Note that here we show all possible nontrivial partitions for the four-mode state, while for comparison we only show the partitions of eight-and sixteen-mode states that are correspondingly subdivided from the four spectral bands ABCD without taking into account the mixtures among them. Three representative groups (gray slices) are delineated in Table I . Interestingly, although the spectral components are fixed, the steerability raises sharply with the increase of measurement resolutions for all possible partitions. For instance, 22 ). This phenomenon can have several origins. First, increasing the resolution, one better resolves the spectral shape of the eigenmodes, hence measured squeezing increases and thus the steerability. Furthermore, adding more parties increase the number of extracted modes, parameter which also influences the steerability as we will study in the last section of this paper on monogamy. Hence, we see that our scheme allows for the preparation of versatile multipartite EPR steering and simultaneously increase steerability simply modulating the spectral resolution of the detection system, i.e. acting on the spectral shape of the LO. Moreover, we can generate richer steering structures by asymmetrically adjusting the pulse shaping. For example, increasing the resolutions either on the steering party or steered party, one-way steering is realized [33] .
Thanks to the high spectral resolution of our pulse shaper, EPR steering is finally certified for 65 534 possible bipartitions for the 16-mode system. Fig. 3(a) illustrates the steerability G m→n between m|n bipartition (m + n = 16). As the prepared state is not a pure state, the trend of steerability is not ideally symmetric, nevertheless the highest steerability still occurs when the steering and steered party are symmetric and cover the full spectrum, as can be seen in the last line of Table I. The average of steerability is large enough to meet the demand of secure quantum cryptography applications [38] .
We also analyze the robustness of multipartite steering against the loss of one or several modes during the transmission, as shown in Fig. 3(b) . We remove up to 6 modes one by one, i.e. removing {a 11 }, {a 11 , a 12 }, {a 11 , a 12 , a 21 }, . . ., {a 11 , a 12 , a 21 , a 22 , b 11 , b 12 } from the system, then figure out multipartite steering for all possible partitions of the remaining modes G m→n (m + n = 15, 14, . . . , 10). As the information is multimode and spread across the full quantum comb, the system keeps its steerable capability with 32 765, 16 379, 8 185, 4 083, 2 025 and 943 possible nontrivial bipartitions for each reduced systems, respectively. Hence, a fertile and mode-loss resistant repository of the quantum cor- relations such as multipartite steering and entanglement [30] is analysed systemically.
Finally, to characterize more thoroughly the multimode aspect of the achieved resources, we investigate an important feature called monogamy relations, which reveals how EPR steering can be distributed over many different parties. Recently, various kinds of monogamy relations have been studied theoretically [38] [39] [40] [41] [42] [43] [44] and demonstrated experimen- Table I . Steerability with different partitions (one-to-multi, multi-toone and multi-to-multi) and their respective spectral resolutions.
Resolution
Partitions tally [26, 45] both for continuous and discrete variable systems. Within the accurate quantification of bipartite Gaussian steering G m→n , we show that four types of monogamy relations [38] [39] [40] [41] [42] are validated and one of them can be violated in some cases. As shown in Table II , type-I monogamy relation implies that two distinct modes cannot steer a third mode simultaneously by Gaussian measurements, i.e. Gaussian steering is exclusive [39] . Type-II monogamy relation is a generalization of type-I where two steering parties comprise an arbitrary number of modes [40, 41] . Then, Coffman-Kundu-Wootters (CKW)-type monogamy relation was proposed showing that the sum of steerability between any two modes cannot exceed their intergroup steerability [38] , which reads G (i 1 ,··· ,i m )→ j ≥ G i 1 → j + · · · + G i m → j and G i→( j 1 ,··· , j n ) ≥ G i→ j 1 + · · · + G i→ j n (n, m ≥ 2). It was recently extended to a general case (Type-IV) where both steering party and steered party contain more than one mode [42] , which takes the form G (i 1 ,··· ,i m )→( j 1 ,··· , j n ) ≥ G (i 1 ,··· ,i m )→ j 1 + · · · + G (i 1 ,··· ,i m )→ j n and G (i 1 ,··· ,i m )→( j 1 ,··· , j n ) ≥ G i 1 →( j 1 ,··· , j n ) + · · · + G i m →( j 1 ,··· , j n ) (the latter one can be violated in some cases).
Our experimental results demonstrate that type-I, CKWtype and type-IV remain valid for all possible nontrivial mode partitions regardless of the spectral resolutions. Some of the results are shown in Table II . But type-II monogamy relation can be lifted when the steered party is made of more than one mode, as was predicted theoretically [41] . Here, we present an experimental observation that C → (AB) and D → (AB) are steerable simultaneously by Gaussian measurements, with G C→(AB) = 0.2836 ± 0.0815 and G D→(AB) = 0.2791 ± 0.0360 even if the spectrum is divided into only 4 pixels. When the detection spectral resolution increases, the violation will be stronger with more refined spectral band modes, e.g., G (c 11 ,c 12 ,c 21 ,c 22 )→(a 11 ,a 12 ,...,b 21 ,b 22 ) = 0.5253 ± 0.1117 and G (d 11 ,d 12 ,d 21 ,d 22 )→(a 11 ,a 12 ,...,b 21 ,b 22 ) = 0.4405 ± 0.0520 with 16 pixels. Besides, to obtain the uncertainties in Table I and II, we drew Gaussian-distributed random values with s.d.'s matching those of the experimentally measured quadrature squeezing values [32] . Using these random numbers, numerical steerabilities are obtained by simulating with the use of equation 1.
Conclusion. In summary, we demonstrate a versatile and flexible repository of multipartite EPR steering within an optical frequency comb and ultrafast pulse shaping. Thanks to this intrinsic multimode resource, we are able to prepare on-demand Gaussian steerable states with 4, 8 and 16 modes through a variable detection spectral resolution without changing the photonics architecture. Increasing the spectral resolution, more independent squeezed modes as well as better squeezing can be extracted and thus the steerability between according bipartition also increases sharply. Then, we identify multipartite steering in all of the 65 534 nontrivial bipartitions of the 16-mode state. As the quantum comb carries all information, the prepared 16-mode state can maintain high steerability in the presence of mode loss. Finally, we verify four types of monogamy relations of Gaussian steering and demonstrate one possible violation of type-II relation.
It is theoretically predicted that this quantum comb source can lead to up to a hundred of independent squeezed modes given that one can enhance the energy and spectral bandwidth of the LO light and the spectral resolutions [46] . In principle, the prepared modes within frequency or spatial pixel could be separated and measured simultaneously with dispersive optics and photodiode arrays [47] . Such a property contributes to the quantum comb being a powerful candidate to construct quantum communication networks in real-world.
Acknowledgments We acknowledge insightful comments and discussion on multimode entanglement and experiment with C. Fabre and J. Roslund In contrast to a multimode squeezed state generated by the quantum comb, we simulate EPR steering using only a single squeezed eigenmode state but the level of squeezing is main- Figure A3 . Simulation of EPR steering among the four spectral bands ABCD with a single-eigenmode-squeezed state. The blue rectangle, orange diamond, green down-triangle represent the multipartite EPR steering while the local oscillator is divided into 4, 8, 16 spectral pixels, respectively. tained. As seen in Fig. A3 , the steerability of 4-, 8-, and 16-mode states are calculated. We find, compared with the Fig. 2 in the main text, for the single squeezed eigenmode case, the steerability almost doesn't change when increasing the spectral resolution from 4 to 16 modes.
Appendix C: Asymmetric control to generate one-way steering Different from symmetrical entanglement and Bell nonlocality, one-way steering is a unique phenomenon which means Alice can steer Bob but Bob cannot steer Alice. This feature frequently appears in some asymmetric systems, such as asymmetric photonic systems [34, 35] and lossy CV optical networks [26, 36] . In the main text, we improve the steerability by increasing the spectral resolution of both the steering party and the steered party. Besides, we can realize one-way steering by increasing the resolutions only on one side.
As shown in Fig. A4 , when the whole spectrum is divided into 4 pixels, there is no steering with respect to (AD) − B splitting in both two directions. Now when the left side (AD) is subdivided into (a 11 , a 12 , a 21 , a 22 , d 11 , d 12 , d 21 , d 22 ) while the right side remains constant, we can realize one-way steering in the direction B → (a 11 , a 12 , . . . , d 21 , d 22 ), which reads as G B→(a 11 ,a 12 ,...,d 21 ,d 22 ) = 0.1382 and G (a 11 ,a 12 ,...,d 21 ,d 22 )→B = 0. 
